Topological matter in 3D is characterized by the presence of a topological BF term in its longdistance effective action. We show that, in 3D, there is another marginal term that must be added to the action in order to fully determine the physical content of the model. The quantum phase structure is governed by three parameters that drive the condensation of topological defects: the BF coupling, the electric permittivity and the magnetic permeability of the material. For intermediate levels of electric permittivity and magnetic permeability the material is a topological insulator. We predict, however, new states of matter when these parameters cross critical values: a topological superconductor when electric permittivity is increased and magnetic permeability is lowered and a charge confinement phase in the opposite case of low electric permittivity and high magnetic permeability. Synthetic topological matter may be fabricated as 3D arrays of Josephson junctions.
I. INTRODUCTION
The last decade has seen a surprising development. Topological field theories [1] , originally invented as background-independent theories of quantum gravity, have found a beautiful realization in strongly correlated condensed matter states.
The general idea, pioneered by Wen [2] , is to write the conserved matter current describing the fluctuations about such topologically ordered states as the curl of a gauge field and to formulate the low-energy effective field theory for the fluctuations as a gauge theory. In two spatial dimensions, the dominant gauge action at long distances is the famed Chern-Simons term [3, 4] , which describes incompressible quantum Hall fluids and their edge excitations.
Based on exactly the same idea we showed [5, 6] how effective field theories with a topological BF term [1] provide a unified description of topological matter in any space-time dimensions. The relevance of the BF term for topological insulators has been recently derived in [7, 8] .
The BF term [1] is a P -and T -conserving, higherdimensional generalization of the Chern-Simons terms. In two spatial dimensions it reduces to a mixed ChernSimons term, which, for non-compact gauge groups, can * Electronic address: cristina.diamantini@pg.infn.it † Also at On leave of absence from: INFN and Dipartimento di Fisica, University of Perugia, via A. Pascoli, I-06100 Perugia, Italy; Electronic address: pasquale.sodano@pg.infn.it ‡ Electronic address: ca.trugenberger@InfoCodex.com be diagonalized into the sum of two standard ChernSimons terms of opposite chiralities: such theories have often been referred to as doubled Chern-Simons models in the literature [5, 6, 9] . In two spatial dimensions, the topological Chern-Simons term dominates the longdistance effective theory. In three spatial dimensions, instead, there is another marginal term that co-determines the infrared behavior and must be added to the action: this is the standard Maxwell term.
What distinguishes the different possible phases of this model is the role of the topological defects ensuing from the compactness of the U(1) gauge group. The compactness of this group and its consequences are often overlooked in the literature on this subject. It requires an unavoidable UV cutoff in the formulation of the model [10] and it is this UV cutoff that prevents the diagonalization of compact mixed Chern-Simons terms [6] .
In this paper we show that the T = 0 quantum phase structure of topological matter is determined by three parameters: the electric permittivity and the magnetic permeability of the material and the topological coupling constant. For intermediate levels of electric permittivity and magnetic permeability the material is a topological insulator [7] . We predict, however, new states of matter when these parameters cross critical values: a topological superconductor when electric permittivity is increased and magnetic permeability is lowered and a dual charge confinement phase in the opposite case of low electric permittivity and high magnetic permeability.
Our results raise the possibility of turning a topological insulator into a superconductor, if a mechanism can be devised to lower the magnetic permeability and increase the electric permittivity, while preserving the topological entanglement of the ground state. Equally interesting would be the realization of a charge confinement phase for high magnetic permeability and low electric permittivity. We also point out that these results can be studied in synthetic BF matter, constituted by fabricated threedimensional Josephson junction arrays.
Let us write the conserved charge fluctuations above the topological ground state in terms of a Kalb-Ramond [11] two-form gauge field b µν as j µ = (k/2π)ǫ µναβ ∂ ν b αβ . We consider also an effective statistical gauge field a µ describing the braiding of charged particles and vortex lines. The corresponding field strength is the pseudotensor φ µν = (k/2π)ǫ µναβ ∂ α a β describing the current of vortex excitations. Then the BF term is the topological action 2 (we use units c = = 1), respectively, k is the dimensionless BF coupling. In applications to topological matter the BF term represents the effective action for the matter degrees of freedom, obtained by integrating out all microscopic interactions, including electromagnetism.
Contrary to the case of two spatial dimensions, however, in three spatial dimensions, the topological BF term is not the only action term dominating the infrared behavior. Another marginal term can be added to the action: this is a Maxwell-like term constructed from the effective gauge field a µ . We shall thus consider condensed matter systems with the following long-distance Euclidean effective action:
where e and b are the effective electric and magnetic fields constructed from the gauge field a µ , e is the electron charge and η and λ are two dimensionless couplings. The effects of possible topological term ∝ d 4 xe · b will be discussed elsewhere.
In what follows we will also add to the action an infrared-irrelevant kinetic term for b µν : 
where E is the physical electric field and B the magnetic one. This shows that the model (1) describes a topological insulator and identifies the parameters of the lowenergy effective action as the inverse electric permittivity and magnetic permeability, respectively,
One of the main characteristics of topological insulators is the appearance of the so-called axionelectrodynamics term [12, 13] :
in their action when time-reversal symmetry is broken, the parameter θ being quantized in odd multiples of π:
. F µν is the field strength of A µ andF µν its dual. We will now show how this term arises naturally in our model due to a (T-symmetry breaking) direct coupling of the statistical gauge field to electromagnetic fields. This is represented by the additional term iφ 16π φ µν F µν in the action (1) . Gaussian integration over the matter fields a µ and b µν induces, at long distances (≫ The action (1) has two U (1) gauge symmetries under the transformations:
The important point is that these gauge symmetries are compact and the compactness of the U (1) gauge group, as usual, leads to the presence of topological defects. As is beautifully explained in [10] , the compactness of U (1) gauge groups inevitably introduces a length scale, the compactification radius of the gauge fields. There are essentially only two ways to introduce this UV cutoff in a gauge invariant manner: either one embeds the U (1) group in a larger, non-Abelian compact group and one breaks the symmetry down to U (1) on a given scale or one formulates the entire theory on a lattice. We choose the latter. The lattice we consider is a hypercubic lattice in four Euclidean dimensions, with lattice spacings l. On this lattice we define the following forward and backward derivatives and shift operators:
Summation by parts interchanges the two derivatives, with a minus sign, and the two shift operators. We also introduce the three-index lattice operators [5] :
These operators are gauge-invariant in the sense that:
Moreover they satisfy the equations:
The expressions O µνλω and D µν are lattice versions of the Kalb-Ramond and Maxwell kernels, respectively. On the lattice, the gauge fields a µ and b µν become link and plaquette variables, respectively. The compactness of the gauge groups implies that they are angular variables, invariant under the shifts:
where 2π l is the radius of the U (1) group. In order to implement this invariance one introduces in the Euclidean partition function integer link and plaquette variables Q µ and M µν as follows:
wheref µν ≡K µνα a α and f µ ≡ 1 2 K µαβ b αβ . The integer-valued variables Q µ and M µν appearing in (12) represent topological excitations whose role is to make the BF term periodic. They satisfyd µ Q µ = 0 and d µ M µν =d ν M µν = 0. In Euclidean space they represent closed electric lines and compact magnetic surfaces. The corresponding physical excitations in Minkowski space are the world-lines of quasiparticle charges Q 0 and the world-surfaces of magnetic vortex lines M 0i . These topological excitations are the singularities in the two field strengths due to the compactness of the two gauge symmetries. It can be shown [14] that they represent chargeons and spinons in 3D. As we now show, the physics of a compact, U (1) BF term is much richer than that of its non-compact cousin with gauge group R.
The phase structure of our model is determined by the statistical mechanics of a coupled gas of lattice loops and surfaces. Its partition function can be easily obtained by a Gaussian integration over the gauge fields a µ and b µν in (12): and
√ ǫµ is the speed of light in the topological medium. This partition function can be interpreted as the Euclidean partition function for a lattice model of interacting particles (whose world-lines are parametrized by the closed loops Q µ ) and closed vortex strings (whose worldsheets are parametrized by the compact surfaces M µν ). By choosing the analogue of the Landau Ginzburg parameter α = ml ≥ O(1) the Yukawa interactions in (13) reduce essentially to contact terms expressing the selfinteractions of topological defects. If the imaginary terms in the action are absent, the model (13) can be treated by standard statistical mechanics techniques. This is realized when k its an integer, k = n, n ∈ Z.
In order to derive the quantum phase structure of the model at T = 0 we consider the free energy of static (Q i = M ij = 0) charges and vortex lines. This is given by:
where S Q and S M denote the entropies of closed lines and compact surfaces on the lattice, respectively.These are proportional to the length of world-lines (for quasiparticles) and assumed as proportional to the area of world-surfaces for vortex lines. The exact form of their entropy is not known although these are the well-defined confining strings introduced by Polyakov [15] . We can thus derive only qualitative results. For k 2 λ small, the entropy of electric strings dominates their self-energy and the electric part of the free energy is minimized by configuration in which long electric strings condense. The contrary is true for large k 2 λ in which case electric strings are dilute. The same reasoning indicates the condensation of magnetic surfaces for large values of η, whereas they are dilute for small η.
All together we find an electric condensation phase for k 2 λ ≪ α 2 /e 2 and η ≪ π 2 /e 2 and a magnetic condensation phase for k 2 λ ≫ α 2 /e 2 and η ≫ π 2 /e 2 . In between we have the original topological insulator phase, in which both types of topological excitations are dilute.
In order to distinguish the various phases we introduce the typical order parameters of lattice gauge theories [10] namely the Wilson loop for an electric charge q and the 't Hooft surface for a vortex line with flux φ: 
where the notation is self-explanatory. The dominant contributions are given by [5] 
As is evident from these expressions, the effect of the condensation of topological defects is to transform the original short-range 
These are London equations for the induced charge and spin currents, which express perfect charge conductivity and a photon mass in the electric condensation phase and perfect spinon conductivity, electric screening and a photon mass [16] in the magnetic condensation phase. We thus conclude that the electric condensation phase is a topological superconductor, whereas the magnetic condensation phase is a charge confinement phase (spinon or dual superconductor). As explained above these topological superconductors are characterized by a flux quantization condition φ = 2π/k. The charge confinement phase is the exact dual of the superconducting phase [17] . The photon becomes massive due to the Stückelberg mechanism, electric fields are expelled and restricted to thin flux tubes between particle-antiparticles pairs and no charged excitations can be observed. Note that the original 2π periodicity in θ of topological insulators is lost in the confinement phase. All together this amounts to the following T = 0 quantum phase structure → top. confinement .
As we have shown in [5] , topological matter can be simulated in synthetic materials constructed as arrays of Josephson junctions. In what we called the self-dual approximation, such arrays are governed exactly by the model (12) with k = 2 and:
where E J and E C are the Josephson coupling and the charging energy of the array, respectively. In this case the phases correspond to the superconducting, metallic and insulating phases of the array. The phase transitions have to be analyzed by varying E J and E C at fixed ml = √ 8E C E J l 2 ≥ O(1) and are due to a competition between the superconducting junction favoring a global phase lock-in and the charging energy favoring the localization of charges on the islands.
Note also that a phase structure analogous to (19) has been found in [18] in the compact BF formulation of 2D doped Mott insulators.
